LENGTH-EXPANDING LIPSCHITZ MAPS 
ON TOTALLY REGULAR CONTINUA 

"CN 

^—l ■ VLADIMIR SPITALSKY 

O 

(N 

; , , Abstract. The tent map is an elementary example of an interval map po- 

J^ ■ ssessing many interesting properties, such as dense periodicity, exactness, Lip- 

schitzness and a kind of length-expansiveness. It is often used in constructions 
of dynamical systems on the interval/trees/graphs. The purpose of the present 
paper is to construct, on totally regular continua (i.e. on topologically rectifi- 
able curves), maps sharing some typical properties vfith the tent map. These 
maps will be called length-expanding Lipschitz maps, briefly LEL maps. We 
show that every totally regular continuum endowed with a suitable metric 
^^ ^ admits a LEL map. As an application we obtain that every totally regular 

Q, continuum admits an exactly Devaney chaotic map with finite entropy and 

' the specification property. 
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1. Introduction 

The tent map is the piecewise hnear map / on the interval / — [0, 1] given by a; M- 
^ , 2 min{x, I — x}. The properties of this map, conjugate to the fuU logistic map x n- 

CN ' 4x(l — x), include Lipschitzness, length-expansiveness (in a sense that it doubles 

•^ , the length of every subinterval J of / not containing 1/2), exactness, specification, 

finite positive topological entropy and dense periodicity, just to name a few. This 
map, together with "generalized" tent maps, i.e. piecewise linear continuous maps 
/fe : / — >■ J (fc > 3) fixing and mapping linearly every interval [{i — l)//c, i/k] onto 
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r^ ', I, are frequently used in dynamics. Usefulness of these maps lies in the fact that on 

one hand they are very simple (and so we have easy explicit formulae for iterates, 
periodic points, horseshoes, etc.) and on the other hand they are very "powerful". 
They are often used in constructions of systems on the interval/trees/graphs with 

j^ , special properties. For example, it is known that to construct a transitive map 

on the unit interval with the smallest possible topological entropy, one can define 
g : / — !■ / in such a way that 1/2 is a fixed point, g maps linearly /q = [0, 1/2] 
onto /i — [1/2,1] and g\i^ : /i — ?► /q is "tent-like". Analogously one can define 
a transitive map with the smallest possible entropy (l/ri)log2 on any n-star Sn 
{n > 3), see [2]; the map fixes the branch point of Sn, maps cyclically each branch 
to the next one, all but one linearly and the remaining one in a "tent-like" way. 

Unfortunately, when one wants to construct a map with given properties on 
curves more general than graphs, he/she faces the problem that no direct analogue 
of the tent map on such curves is known. Take e.g. the w-star X, which is a very 
simple dendrite defined as an infinite wedge of arcs. A construction of a transitive 
finite entropy map on X is much more complicated then on n-stars and, as far as 
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we know, no such construction has been available in literature. The only result in 
this direction known to us is the theorem of Agronsky and Ceder [1] stating that 
any finite-dimensional Peano continuum (hence also the w-star) admits a transitive 
map; however, the proof does not say anything about the entropy of the map. 

The purpose of the present paper is to construct, on continua more general than 
graphs, a family of maps sharing some typical properties with the tent map. Since 
the key property of these maps will deal with the length (Hausdorff one-dimensional 
measure) of subcontinua and their images, the natural class of spaces to consider 
is the class of rectifiable curves, i.e. continua of finite length. Topologically they 
coincide with the class of totally regular continua. Recall that a continuum X 
is totally regular if for every point x E X and every countable set P Q X there 
is a basis of neighborhoods of x with finite boundary not intersecting P. This 
notion was introduced in [20j , but the class of these continua was studied a long 
time before, see e.g. [U] [51 [TUl 1^ . For more details on totally regular continua see 
Section lOl 

Before stating the main results of the paper we need to introduce the notion 
of a length-expanding Lipschitz map. Let X be a non-degenerate totally regular 
continuum. We say that a family C of non-degenerate subcontinua of X is dense 
if every nonempty open set in X contains a member of C. Recall that a map / : 
{X, d) — > {X' , d!) between metric spaces is Lipschitz-L if d'{f{x), f{y)) < L ■ d{x, y) 
for every x,y € X. For a metric space (X, d), the Hausdorff one-dimensional 
measure is denoted by H^. 

Definition A. Let X — {X,d), X' = {X',d') be non-degenerate (totally regular) 
continua of finite length and let C,C' be dense systems of subcontinua of X,X', 
respectively. We say that a continuous map f : X ^ X' is length- expanding with 
respect to C,C' if there exists g > I (called length- expansivity constant of /) such 
that, for every C G C, /(C) G C and 

(1.1) if fiC)^X' then n',,{f{C))>g-nl{C). 

Moreover, if / is surjective and Lipschitz-L we say that / : {X,d,C) -^> {X',d',C') 
is {q,L) -length- expanding Lipschitz. Sometimes we briefly say that / is (g, L)-LEL 
or only LEL. On the other hand, when we wish to be more precise, we say that / 
is {C,C\g,L)-LEL. 

A few comments are necessary. Assume that / : {X, d, C) — >■ {X' , d' ,C') is {g, L)- 
LEL and denote by Cx and Cx' the systems of all subcontinua of X and X' , 
respectively. Obviously, then also / : (X, d, C) -> {X' ,d' ,Cx') is (gi, i)-LEL. How- 
ever, one cannot claim that / : {X,d,Cx) -^ {X',d',C') is {g,L)-LEL. In fact, for 
some spaces {X,d), {X',d') there is no LEL map / : {X,d,Cx) — ^ {X',d',Cx')- For 
instance this is the case when X is the cj-star and X' = I. To show this, suppose 
that there is a (g), L)-LEL map / : {X,d,Cx) -> {X',d',Cx')- Take fc G N such that 
g > L/k and find a fc-star C in X such that every edge of C is mapped onto the 
same proper subinterval of X'. Then U^.ifiC)) < {L/k) ■ HUC) < g ■ U^iC), a 
contradiction. 

Our first result says that in the special case when X — X' and C — C , LEL maps 
have interesting dynamical properties. (For the definitions of the corresponding 
notions, see Section [31) 

Proposition B. Let f : {X,d,C) -^ {X,d,C) be a LEL map. Then f is exact and 
has finite positive entropy. Moreover, if f is the composition (p o ip of some maps 
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■0 : X — > / and ip : I ^ X , then f has the specification property and so it is exactly 
Devaney chaotic. 

The above mentioned tent-like maps fk'.I~^I (where fc > 3 and / is endowed 
with the Euchdean metric di) are (C/,C/, fc/2, fc)-LEL, where Cj is the system of 
all non-dcgcncrate closed subintervals of /. Here fc > 3 because the classical tent 
map /2 is not (C/,C/, p, i)-LEL for any g > I and any L. However, it becomes 
(C/,C/, £),L)-LEL (for some g > I and L) after a slight change of the metric. 
One can easily construct examples of LEL maps between arbitrary graphs, even 
in the form of the composition ip o ip as in Proposition [B) one can use e.g. the 
maps from [3, Lemma 3.6]. Further, for a given continuum {X,d) of finite length, 
one can often find C,C' and construct LEL-maps (p : {I,di,Ci) — > {X,d,C) and 
tp : {X,d,C') -^ {I,di,Ci). However, it is not so easy to obtain C D C; this 
inclusion is desirable since then also the composition ■0 o (^ is LEL (see Lemma [9]) . 

Our main results, the proofs of which were inspired by [L and [B], assert that such 
LEL maps can always be found provided we allow to change the metric on X (the 
new metric still being compatible with the topology). Recall that a metric d on X 
is convex if for every x,y G X there is z € X such that d{x, z) = d{z, y) = d(x, y')!'^- 
For two points a, 6 G X of a continuum X, Cutx(a, 6) denotes the set of points 
X ^ X such that a, h lie in different components of X \ {x\. 

Theorem C. For every non- degenerate totally regular continuum X and every 
a,b G X we can find a convex metric d — dx.a.b on X and Lipschitz surjections 
fx,a,b '■ I -^ X , ijjx,a,b '■ X ^ I with the following properties: 

(a) nliiX) - 1; 

(b) the system C = Cx.a.b = {px.a.b{J) '■ J is a closed subinterval of 1} is a 
dense system of suhcontinua of X ; 

(c) for every g> \ there are a constant Lg (depending only on g) and {g,Lg)- 
LEL maps 

ip: {I,dj,Ci) ^ {X,d,C) and i; : {X,d,C) ^ {I ,di,Ci) 

with (y3(0) = a, p{\) = b , ijj{a) = and such that p — p>x,a,b ° fk, = 
/; o 4'x,a,b for some k,l >3. 
Moreover, i/Cutx(a, &) is uncountable, d,Lp,ip can be assumed to satisfy 

(d) d{a,b) > 1/2 and^l){b) = 1. 

Theorem D. Keeping the notation from Theorem\^ for every g > 1, every non- 
degenerate totally regular continua X,X' and every points a,b d X, a' ,b' G X' 
there are a constant Lg (depending only on g) and {g,Lg)-LEL map 

f ■ iX,dx,a,h,Cx,a,b) "> (X , dx' ,a' ,b' ,Cx' ,a' ,b') 

with f{a) = a' and, provided Cutx{a,b) is uncountable, f{b) — b' . Moreover, f can 
be chosen to be the composition ipoi(i of two LEL-maps t(i : X -^ I and ip : I -^ X' . 

In 1 it was shown that every non-degenerate finite-dimensional Peano con- 
tinuum admits an exactly Devaney chaotic map and that every finite union of 
non-degenerate finite-dimensional Peano continua admits a Devaney chaotic map. 
Theorem[D]and Proposition |B] imply the following results which, on one hand, deal 
with smaller class of spaces, but on the other hand ensure finiteness of the entropy. 

Corollary E. Every non- degenerate totally regular continuum admits an exactly 
Devaney chaotic map with finite positive entropy and specification. 
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Corollary F. Every finite union of non-degenerate totally regular continua admits 
a Devaney chaotic map with finite positive entropy. 

In a subsequent paper we deal with the problem of determining the infima of 
entropies of transitive/exact/ (exactly) Devaney chaotic maps on a given totally 
regular continuum and we show that under some conditions this infimum is zero. 
The constructions are heavily based on Theorems [Cj and [P] To illustrate usefulness 
of LEL maps let us sketch here an example which shows how easy is to construct a 
small entropy transitive system on the w-star. 

Example 1. Let X be the oj-star with the branch point a and edges Ai (i = 1,2...); 
i.e. X = [J^Ai and Ai f) Aj — {a} for every i ^ j. Take arbitrarily large fc, put 
Y = ljj>^. ^i and define a convex metric d on X in such a way that it coincides 
with dY,a,a on Y and each of the sets Ai, . . . , Ak-i has length 1. Fix g > 1. By 
Theorem ICl there are {g,Lg)-ma,ps fk-i : Ak-i -^ Y , fk '■ Y ^ Ai fixing a. Let 
fi'.Ai^f Aij^i (i = 1, . . . , fc — 2) be isometries fixing a. Then it suffices to define 
f : X -^ X hy /|a. = /* for i < A: and /|r = fk- The map /''|f : F ^ F is exact 
and has dense periodic points by Proposition [Bl moreover, it is Lipschitz-L^. So / 
is Devaney chaotic with entropy h{f) < {2/k) log Lg, where Lg does not depend on 
k. 

The paper is organized as follows. In the next section we give an outline of the 
proofs of Theorems [C] and [D] In Section [3] we recall all the needed definitions and 
facts. In Section [4] we prove some basic properties of LEL maps. The main part 
of the paper — Sections [5] and [6] — are devoted to the construction of LEL maps 
from the unit interval onto a given totally regular continuum and vice versa, see 
Proposition l25l Finally, in Section[7]we prove the main results of the paper, namely 
Theorems O |D] and Corollaries IH E 

2. Outline of the proofs of Theorems ICl and [dI 

Since the proofs of Theorems [C] and |D] consist of a series of lemmas and propo- 
sitions, for reader's convenience we decided to summarize here the main steps of 
them. To increase readability we skip some technical details, hence the outline is 
only "informal" view of the proofs. 

In Section m for a given totally regular continuum X, we construct a convex 
metric d and two Lipschitz-1 surjections g : [0,a] -^ iX,d) and h : (X.d) — > [0,(3] 
such that U^iiX) < 1 and 

i-\J\<nl{9{J))<r-\hog{j)\ 

for every closed subinterval J of [0, a], where < 7 < F are constants not depending 
on J; see Lemma [24l The metric d and maps g, h are defined as follows. 

• By [6] we can realize X as the inverse limit 

X = ^(X„,/„) 

of graphs X„ with monotone surjective bonding maps /„ : X„+i — > X„ 
(n = 1, 2, . . . ), see (15. 6|) . We may assume that for every n there is exactly 
one point in of X„ having non-degenerate /n-preimage Xn+i — /^^(x„). 

• The convex metric d is defined by 

d{x, y) = sup dn{Xn, yn) for X = {Xn)n, V = (?/«)« G X, 

nSN 
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see (|5.15p . Here the metric di on Xi is defined by Lemma [12] and (|5.7p , 
and the metrics dn on Xn {n > 2) are defined inductively in such a way 
that dn "coincides" with dn-i on Xn \ Xn and the length of Xn is "very 
smaU" when compared to the length of any edge of X„_i, see (|5.8l) - (|5.10p . 

• In Lemmas I13H15I we prove that d is a convex metric on X compatible with 
the topology and that H^iX) < 1. 

• In ()5.18p we define g : [0, a] ^- X as the inverse-limit map 

g = l^g„, 

where g„ : [0,a„] — t- Xn are natural parametrizations of appropriately 
chosen paths in X„; see (I5.1ip ~ (|5.14p . 

• The map h : X —^ [0, /3] is defined in (|5.19p simply by 

h{x) — d{a, x) for x € X, 

where a G X is a point fixed in advance. 

• In Lemma [Ml we summarize the properties of d, g and h. 




lpo(p{J) 
Figure 1 . The maps ip and ip 

In Section[n]we construct LEL maps ip : I ^ X and ip : X -^ I basically by linear 
reparametrizations of g, h, see Proposition [25l Corollary [26| and, for an illustration, 
Figure [1] 

Using the above described tools and results. Theorems [Cl and [PJ can already be 
easily proved (the proofs themselves can be found in Section [7]) • 

3. Preliminaries 

Here we briefly recall all the notions and results which will be needed in the rest 
of the paper. The terminology is taken mainly from (THl [IHl [T71I12) . 

If M is a set, its cardinality is denoted by #Af . The cardinality of infinite 
countable sets is denoted by Hq. If M is a singleton set we often identify it with 
its only point. We write N for the set of positive integers {1, 2,3,...}, M for the 
set of reals and / for the unit interval [0, 1]. By an interval we mean any nonempty 
connected subset of R (possibly degenerate to a point). For intervals J, J' we write 
J < J' if t < s for every t e J, s e J'. 
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By a space we mean any nonempty metric space. A space is called degenerate 
provided it has only one point; otherwise it is called non-degenerate. If i? is a 
subset of a space X = {X, d) we denote the closure, the interior and the boundary 
of E by E, mt{E) and dE, respectively, and we write d{E) for the diameter of E. 
We say that two sets E, F C_ X are non- overlapping if they have disjoint interiors. 
For X € X and r > we denote the closed ball with the center x and radius r by 
B{x,r). If / is a map defined on X and C is a system of subsets of X we denote 
the system {/(C) : C £ C} by /(C). 

A (discrete) dynamical system is a pair {X, /) where X — (X, d) is a compact 
metric space and f : X ^ X is a, continuous map. For n € N we denote the 
composition / o / o • • ■ o / (n-times) by /". A point a; G X is a periodic point of / 
if /""(a;) = X for some n £ N. The topological entropy of a dynamical system (A", /) 
is denoted by h{f). We say that (A,/) is (topologically) transitive if for every 
nonempty open sets U,V Q X there is n e N such that /""{U) n F ^ 0. A system 
(A, /) is (topologically) exact or locally eventually onto if for every nonempty open 
subset U oi X there is n S N such that f^iU) = X. Further, (A,/) is Devaney 
chaotic [exactly Devaney chaotic) provided A is infinite, / is transitive (exact) 
and has dense set of periodic points. Finally, a system (A, /) is said to satisfy the 
specification property if for every e > there is m such that for every fc > 2, for 
every k points xi,...,Xk G A, for every integers ai < fei < • ■ • < afc < fefc with 
Oi — bi-i > m [i — 2, . . . ,k) and for every integer p > m + bk — ai, there is a point 
X G X with fP{x) — X such that 

dirix), rix,)) <e for a,<n<b,, l<i< k. 

3.1. Continua. A continuum is a connected compact metric space. A cut point 
(or a separating point) of a continuum A is any point a; € A such that A \ {x} is 
disconnected. A point a: of a continuum A is called a local separating point of A 
if there is a connected neighborhood U oi x such that U \ {x} is not connected. 
If a, b are points of A then any cut point of A such that a, b belong to different 
components of A \ {x} is said to separate a, b. The set of all such points is denoted 
by Cut(a, b) or Cutx{a, b). li a ^ b then obviously Cut(a, b) = 0. 

Let A be a continuum, let a: S A and let ttt. be a cardinal number. We say that 
the order of x is at most m, written ordx(a;) < m, provided A has a local basis 
of open neighborhoods of X the boundary of which has cardinality at most m. If 
m is the least such cardinal we write ordx (x) = m with one exception: if to = Hq 
and X has a basis of neighborhoods with finite boundary, we write ordjf (a;) = uj. 
If ordjf (a;) = w or ordx {x) is finite we say that x has finite order and we write 
ordx(a^) < w. The points of order 1 are called end points, the points of order 2 are 
called ordinary points and the points of order at least 3 are called branch points of 
A; the sets of all end, ordinary and branch points are denoted by E{X), 0{X) and 
B{X), respectively. 

Tightly connected with the order of a point is the following notion, see e.g. [21] . A 
point a; of a continuum A is said to be of degree m, written degj,^ (x) = m, provided 
TO, is the least cardinal such that for every e > there exists an uncountable family 
of neighborhoods of x with diameters less than e, each having the boundary of 
cardinality at most m and such that for any two neighborhoods t/, V either U CV 
or V 'Z U. Again if m = Hq and the neighborhoods can be chosen with finite 
boundary we write degx(a;) = oj instead of degx(a;) = Kq. We say that x has 
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finite degree and write deg_5(-(x) < w if the degree of x is either finite or w. Trivially 
always ordjc (a;) < degx(a;) but there are examples when ordx(a;) < degx(x); e.g. if 
X is the Sierpiriski triangle then the order of every point x G X is at most 4 and 
the degree is equal to the cardinality of the continuum 21 . 

Let X be a continuum. A metric d on X is said to be convex provided for every 
distinct x,y € X there is z € X such that d{x,z) = d{z,y) = d{x,y)/2. By [H 
Theorem 8] every locally connected continuum admits a compatible convex metric. 

3.2. Graphs. An arc A in X is any homeomorphic image of the unit interval /; 
the end points of A are the images of the points 0, 1. A simple closed curve is any 
homeomorphic image of the unit circle §^ . 

By a graph we mean a continuum which can be written as the union of finitely 
many arcs which are either disjoint or intersect only at their end points. These 
arcs are called edges and their end points are called vertices of the graph. So we 
allow vertices of order 2 and thus the edges and vertices are not defined uniquely. 
Notice also that we do not allow simple closed curves to be edges of a graph. By a 
subgraph of a graph G we mean any non-degenerate subcontinuum H of G; so the 
vertices/edges of H need not be vertices/edges of G. 

Let G — {G,d) be a graph with 'H^{G) < oo and let a,b be vertices of G. By 
a path in G from a to 6 we mean a sequence n = aoEiaiE2 ■ . ■ ak-iEkOk, where 
Qi (i = 0, . . . ,k) are vertices of G such that ag = a, Ok — b and Ej (j — 1, . . . , fc) 
are edges of G with end points aj^i,aj; the number k will be called the length of 
the path tt. A natural parametrization of a path ir = aoEiaiE2 ■ ■ ■ ak-iE^ak is any 
continuous map k : J ^- G defined on a compact interval J = [s,t] CM such that 
k(s) = flo, K(t) — Ok and we can write J as the union Ji U J2 U • • ■ U J^ of non- 
overlapping closed subintervals such that Ji < J2 < • ■ ■ < ^/fc and the restriction of 
k\j- : Jj — >■ Ej is an isometry for every j = 1, . . . ,k. 

3.3. HausdorfF one-dimensional measure and Lipschitz maps. ForaBorel 
subset i? of a metric space {X, d) the one- dimensional Hausdorff measure of B is 
defined by 

{00 00 ^ 

Y.d{E,): B^\Je„ d{Ei)<5\. 
i=l j=l J 

We say that (AT, d) has finite length if T-Ll{(X) < cxd. By e.g. P^^, Proposition 4A], 

(3.1) H^{G) > d[G) whenever C is a connected Borel subset of X. 

If A C A is an arc then %\{A) is equal to the length of A [12j Lemma 3.2]. In 
the case when (A, d) is the Euclidean real line K and J C R is an interval 'Hj( J) is 
equal to the length of J and we denote it simply by \J\. 

If (A, d) is a continuum of finite length endowed with a convex metric d, then it 
has the so-called geodesic property (see e.g. |13[ Corollary 4E]): for every distinct 
x,y £ X there is an arc A with end points x,y such that d{x,y) = H^{A); any 
such arc A is called a geodesic arc or shortly a geodesic. Every subarc of a geodesic 
is again a geodesic. If x, y are the end points of a geodesic A and z £ A then 
d{x,y) = d{x,z) + d(z,y). 

A map / : (A, d) — > (Y, g) between metric spaces is called Lipschitz with a 
Lipschitz constant L > 0, shortly Lipschitz-L, provided Q{f{x),f{x')) < L-d{x,x') 
for every x,x' G A; the smallest such L is denoted by Lip(/) and is called the 
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Lipschitz constant of /. li f : X ^ Y is Lipschitz-L then 'HUfiB)) < L ■ TL^{B) 
for every Borel set B C X such that f{B) is Borel-measurable [T^ p. 10]. We omit 
the proof of the fohowing lemma. 

Lemma 2. Let X = {X, d) be a non-degenerate (totally regular) continuum of 
finite length and let ip : I ^ X he a Lipschitz surjection. Put 

C = (p{Ci) = {yy{J) '■ J is a non- degenerate closed subinterval of J}. 

Then the following hold: 

(1) C is a dense system of subcontinua of X; 

(2) for every e > the space X can be covered by some Ci , . . . , Cfe G C satisfying 
n\{Ci)<efori^l,...,k. 



3.4. Totally regular continua. By e.g. [161 [20], a continuum X is called 

• a dendrite if it is locally connected and contains no simple closed curve; 

• a local dendrite if it is locally connected and contains at most finitely many 
simple closed curves; 

• completely regular if it contains no non-degenerate nowhere dense subcon- 
tinuum; 

• totally regular if for every x & X and every countable set P (~ X there is a 
basis of neighborhoods of x with finite boundary not intersecting P; 

• regular if every x ^ X has a basis of neighborhoods with finite boundary, 
i.e. ordx(a;) < w for every x; 

• hereditarily locally connected if every subcontinuum of X is locally con- 
nected; 

• rational if every x ^ X has a basis of neighborhoods with countable bound- 
ary, i.e. ordx(a;) < ^o for every x; 

• a curve if it is one-dimensional. 

Notice that (local) dendrites as well as completely regular continua are totally 
regular and (totally) regular continua are hereditarily locally connected, hence they 
are locally connected curves. Totally regular continua are also called continua of 
finite degree since they are just those continua X for which every point x has finite 
degree degx{x) < to f8, . This and other conditions equivalent to total regularity 
are summarized in the following theorem. 

Theorem 3. For a continuum X the following are equivalent: 

(1) X is totally regular; 

(2) X is of finite degree (i.e. degj5(-(a;) < uj for every x); 

(3) X has a (convex) metric d such that {X, d) has finite length; 

(4) X has a (convex) metric d such that {X, d) is a Lipschitz image of the unit 
interval; 

(5) X has a (convex) metric d such that for every x £ X and for almost every 
r > the boundary of the closed ball B{x, r) is finite; 

(6) every non- degenerate subcontinuum of X contains uncountably many local 
separating points; 

(7) X is locally connected and for every disjoint closed sets E, F <Z X there are 
disjoint perfect sets iVi, . . . ,Nk such that every subcontinuum of X inter- 
secting both E and F contains some Ni. 
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Proof. The equivalence of (1), (2), (3), (6) and (7) follows from 0, [21], [10], [15] 
and [9]. Immediately (4) implies (3) and (5) implies (2). By e.g. [T4j Lemma 2A], 
(3) implies (4). Finally, the fact that (3) implies (5) follows from the following 
inequality (see e.g. [13l lA(f)] or [18, Theorem 7.7]) applied to the map / : X — > R, 
f{x') = d{x, x'). The inequality says that if / : (X, d) — > (Y, g) is Lipschitz-1 then 

where #* denotes the cardinality of a finite set and oo for infinite sets and J^ h dfi 
is the infimum of integrals Jy g djj, as, g runs over /i-measurable functions from Y 
to [0, oo] such that g > h. Hence if {X, d) has finite length then f^^{y) is finite for 
Hg-almost every y &Y. D 

By [H], if d is a metric on a totally regular continuum X with 'Hj(X) < oo 
then there is a (unique) convex metric d* on X such that d*{x,y) > d{x,y) for 
every x,y ^ X and H^,{B) = ^^{B) for every Borcl _B C X; it is defined by 
d*{x^ y) — inf \T-L\{A) : A is an arc from x to y}. 

3.5. Monotone inverse limits. An inverse sequence is a sequence {Xn, fn)n&i 
where X^ is a compact metric space and /„ : Xn+i -^ Xn is a continuous map for 
every n G N. The inverse limit of an inverse sequence (X„, /„)„gN is the subspace 

oo 

Xoo = lim(X„, /„) of the product J] ^n given by 

^ n=l 

Xoo = ^(X„, /„) = < (a;„),^i e J]^ Xn : /n(a;n+i) = Xn for every n G N j^ . 

The maps /„ are called bonding maps. For n G N the projection from X^o onto the 
n-th coordinate will be denoted by 7r„ : X^o — ^ X„. From now on we will assume 
that every /„ (and hence every 7r„) is surjective. 

A fundamental result states that the inverse limit of continua is a continuum 
[l9l Theorem 2.1]. Moreover, if the dimension of every X„ is at most d then also 
dim Xoo < d [11] Theorem 1.13.4]. Hence the inverse limit of curves is a curve. 

The special case important for us is when the bonding maps are monotone. 
(Recall that a continuous map / : X — > 1" is monotone if every preimage f~^{y) is 
connected.) Then also every projection map 7r„ is monotone |17l Proposition 2.1.13]. 
The following theorem combines [TT] Corollary 2.1.14], [101 Theorem 3.6] and [T^ 
Theorem 10.36]. 

Theorem 4. Let Xoo = liHi(X„,/„) he the inverse limit of continua X„ with 
surjective monotone bonding maps. If every X„ is locally connected (totally regular, 
a dendrite) then also X^o is locally connected (totally regular, a dendrite). 

It is often the case that a continuum X is homeomorphic to the inverse limit 
of some "simpler" continua X„ . For example every continuum is the inverse limit 
of compact connected polyhedra |19[ Theorem 2.15] and every curve is the inverse 
limit of graphs [Hi Theorem 1.13.2]. Fundamental results for monotone inverse 
limits and locally connected curves are summarized below, see [20l Theorem 2.2], 
[Si Theorem 3] and e.g. the proof of ^\3, Theorem 10.32]. 

Theorem 5. Every locally connected curve (totally regular continuum, dendrite) 
is the monotone inverse limit of regular continua (graphs, trees). 
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Notice that for non-degenerate totally regular continua and for non-degenerate 
dendrites the bonding maps /« in the previous theorem can be chosen such that 
f~^{x) is non-degenerate for exactly one point x. 

The following theorem gives us a way to define the so-called induced map between 
inverse limits, see e.g. [17, Theorems 2.1.46-48]. 

Theorem 6. Let {Xn, fn)n, (^niZ/Jn be inverse sequences and let gn : X„ — >■ 
X'j^ (n G NJ be continuous maps such that for every n the left-hand side diagram 
commutes: 



Sn + l 



1' 



ffn 



Then there is a unique continuous map goo = hmffn : ^oo — > X'^ such that for 
every n the right-hand side diagram commutes. The map goo is given by 

goo{xi,X2,X3,...) ^ {gi{xi),g2(x2),g3{x3),---)- 

Moreover, if every gn is surjective (infective) then goo is surjective (infective) . 

4. Properties of length-expanding Lipschitz maps 

Here we briefly state basic properties of the class of LEL maps. We start with 
the proof of Proposition [B] stated in the introduction. 

Proposition [Bl Let f : {X,d,C) — > {X,d,C) be a LEL map. Then f is exact and 
has finite positive entropy. Moreover, if f is the composition if o ^ of some maps 
Tp : X ^ I and (p : I ^ X , then f has the specification property and so it is exactly 
Devaney chaotic. 

Proof. Let / : {X, d, C) -^ {X, d, C) be a {g, L)-LEL map. Take any nonempty open 
subset U oi X and fix some C ^ C contained in U. Then f^{C) € C for every n. 
If /"(C) 7^ X for every n then ^^(/"(C)) > g" • Hj(C) ^ oo ior n ->■ oo, which 
contradicts the fact that X = {X,d) has finite length. So /"(t/) D f''{C) = X for 
some n, which proves the exactness of /. 

Now assume that f = (p oip. Since / is exact, also the factor f — -ip o ip : I ^ I 
of / is exact. Hence /' has the specification property by [S]. By [71 21.4] also /, 
being a factor of /', has the specification property. Finally, by [71 21.3], / has dense 
periodic points. D 

Recall that dj denotes the Euclidean metric on / and C/ is the system of all 
non-degenerate closed subintervals of /. Note that the following lemma can be 
substantially generalized, but for our purposes this version is sufficient. 

Lemma 7. Let fc > 3 and fk '■ I ^>- L be the piecewise linear map fixing and 
mapping every [{i — l)/k,i/k] onto I . Then fk '■ {L,di,Ci) ^- {I.,di,Ci) is {k/2,k)- 
LEL. 

Proof. Only length-expansiveness needs a proof. Take any non-degenerate closed 
subinterval J of /. If there is i such that J ^ [(* ^ l)/^; V^] then /(J) = /. 
Otherwise there is i such that J — JqU Ji where Jo C ((z — l)/k,i/k] and Ji C 
[t/k, (z -f l)/k). Then \fk{J)\ > k ■ max{| Jol, | Ji|} > (fc/2) ■ \J\. D 
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Lemma 8. Let f : {X,d,C) — > {X',d',C') be a {g,L)-LEL map. Then for every 
V DC',1 < g' < g and L' > L, the map f : {X, d, C) -> (X', d' , V) is [g' , L')-LEL. 

Lemma 9. Let f : (X,d,C) -^ {X',d',C') be {g,L)-LEL and f : {X',d',C') -^ 
{X",d",C") be {g',L')-LEL. Then /' o / ; {X,d,C) -^ {X",d",C") is (gg'.LL')- 
LEL. 

Proof. Put g = f o f. Immediately Lip(g) < LL'. Take any C ^ C and put 
C" = /(C) e C. If C" = X' then, by surjectivity of /', g{C) = X" . Otherwise 
n'd'iC) > gn\{C) and, if /'(C) ^ X", also n}i„{f'{C')) > g'n\,{C')- hence 

K,MC)) > qq"h\{c). d 

5. LlPSCHITZ-1 SURJECTIONS g : [0, a] -> X, /l : X -> [0,^] 

In this section we show that for a totally regular continuum X there are a 
compatible convex metric d and two Lipschitz surjections g : [0, a] — >■ (X, d), h : 
{X,d) -^ [0,^] such that 

l-\J\<H\{g{J))<r-\hog{J)\ 

for every closed subintcrval J of [0, q], where < 7 < F are constants not depending 
on J (see Lemma IM)) . 

We start with a simple property of convex metrics on locally connected continua. 
For a metric space X = {X, d) and a point a € X put 

(5.1) ha : X ^ R, ha{x) = d{a, x) for x £ X. 

Lemma 10. Let X ~ {X, d) be a locally connected continuum endowed with a 
convex metric d and let a E X . Then 

K{A)\>l-nl{A) 

for any free arc A in X . 

Proof. Let y, z be the end points of A. For distinct u,v € A we will denote by uv 
the subarc of A with end points u, v. Let a be the length of A and let k : [0,a] —> A 
be the natural parametrization of A such that «;(0) = y and K{a) = z. Put yt — K.(t) 
for t e [0, a]; hence Ji^iytys) — \s — t\ for every different t,s E [0, a]. 

For every t € [0, a] such that yt "^ a take a geodesic arc At from a to yt. Assume 
first that a is not an interior point of A. Since ^ is a free arc, every arc (hence also 
every At) from a to a point of A must contain y or z. Take any i g [0, a], li y G At 
then d{a, yt) = d{a, y) + d{y, yt) = d{a, y) +t since At is geodesic. Analogously, if 
z E At then d{a, yt) — d{a, z) + d{z, yt) — d{a, z) + {a — t). So 

haivt) = min{(i(a, y) + t, d{a, z) + (a - t)}. 

Hence immediately |/ici(yl)| > a/2. 

Now assume that a ~ ys for some s g (0,a); without loss of generality we may 
assume that ^{^{ay) < H^iaz). Then for every t € [0,a], t ^ s the geodesic arc At 
is either the subarc ayt of A or an arc containing both y and z. Hence 

haivt) = min{|t - s|, s + d(y, z) + {a - t)}. 

So also in this case we easily have |ft,a(A)| > a/2. D 
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5.1. Admissible maps on graphs. Let G be a graph with a metric d and 
let a, b be (not necessarily distinct) vertices of G. We say that a path tt — 
aEj-^ai . . .ak-iEji^b in G (from a to b) is admissible provided every edge of G 
is at least once but at most twice in tt; moreover, if a; is a vertex of G of order 2 
then _Ej; ^ ^-ji+i (i-e- tt "goes through" the ordinary vertices of G). 

A continuous map k from a compact interval J = [a, (3] to G is called fully- 
admissible or, more precisely, fully-admissible for (G, d) from a to 6, if it is the 
natural parametrization of some admissible path tt from a to b. I.e. K[a) — a, k(/3) = 
b and there is an admissible path tt^ = aEj-^ai . . . ak~iEji.b and non-overlapping 
compact intervals Ji < J2 < • • • < •/*: such that J = Ji U • • • U Jfc and every 
restriction k\j. : Ji —> i?j^ is an isometry. 

A map is called admissible if it is a restriction of a fully-admissible map onto a 
compact interval. Notice that any admissible map is finite-to-one and outside of 
a finite set (the set of points mapped to the vertices of G) is at most two-to-one. 
Moreover, admissible maps are Lipschitz-1 provided the metric d is convex. The 
following lemma can be easily proved by induction on the number of edges of G. 

Lemma 11. Let G be a graph and let a, b be vertices of G. Then there is a fully- 
admissible map K : [a, P] ^f G for G from a to b. 

Lemma 12. Let < g < 1 and let G be a graph. Then there is a convex metric 
d on G such that for every admissible map k : J ^ G and every vertex a of G it 
holds that 

nU^iJ))>l-\J\ ^nd \h,oK{j)\>^-^-n\{n{j)). 

Moreover, \ha{G)\ > ^-^-U^iG). 

Proof. Fix any Q < q < 1. Let G be a graph and let Eq, . . . ,Ek be the edges of G. 
Take a convex metric d on G such that T-L]i{G) < 00 and 

(5.2) nltiE,) < q ■ HliiE.^i) for every i > 1. 

Such a metric can be constructed as follows: We may assume that G is a subset of 
M.^ endowed with the Euclidean metric and that the (Euclidean) lengths of edges of 
G are finite and exponentially decreasing with quotient q. Then it suffices to take 
the convex metric on G generated by the Euclidean one. 

Let a be a vertex of G and let k : J — ?• G be an admissible map for {G,d); 
put Y — k{J). Let TT — aoEi-^aiEi^ . . .Ok-iEi^ak be the admissible path given 
by a fully-admissible extension of k. Since tt is admissible, we immediately have 

KiY) > \ ■ \J\- 

Now we show the lower bound for the length of ha{Y). Realize that there are at 
most two indices j such that 

(5.3) Y n Ej is non-degenerate and Y 2 Ej 

(indeed, for any such j the edge Ej must contain the K-image of an end point of J in 
its interior). For simplicity we will assume that there are exactly two j's satisfying 
(|5.3p — we denote them by ji, J2 — and that there is an index j such that Ej C Y] 
the other cases can be described analogously. Let jo be the smallest index j such 
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that Ej CY. Then using (|5.2p we have 

(5.4) 

nl(Y)^Y.^diEjnY) < n\{E,^nY) + H\{E,,nY) + Y,H\{E,) < 

3 j>jo 

< H\{E,, n y) + n\{E,, n r) + n\{E,,)/{i - q). 

On the other hand, Lemma [TU] gives 

\ha{Y)\ > max{ \ha{E,,nY)l\ha {E,, nY)l\ha {E,„ ) I } 

> i • max{Hi(£;,, n Y),n'^{E,, n Y),n'AE,,)}. 

The simple fact that 

p 
(5.5) max c^ < > Ci < p ■ max Ci for any non-negative Ci, . . 

z— l,...,p -"^^ — ^ z— l,...,p 

i— 1 



■ J Cp, 



apphed to dO]) immediately implies |/ia(y)| > H^(F) • (1 - (7)/6. 

The final assertion of the lemma follows from the facts that H^{G) < 'H^{Eo)/{l — 
q) and \ha{G)\ > |/ia(^o)I > ^d(-^o)/2 by Lemma[10l D 

5.2. The construction of d,g,h. Now we embark on the construction of a 
convex metric d on X and Lipschitz surjections g : [0, a] — >■ X , h : X -^ [0, /3] for a 
given totally regular continuum X (see Lemma I24p . 

Let < g < 1, let X be a non-degenerate totally regular continuum and let a, b be 
two points of X. By [5] there is an inverse sequence (X„, /„)„gN of graphs X„ with 
monotone surjective bonding maps /„ : Xn+i — > Xn such that X is (homeomorphic 
to) the inverse limit 

(5.6) hni(X„,/„). 

Without loss of generality we may assume that for every integer n > 1 the following 
hold: 

• there is a;„ G X„ such that X„+i — f~^{xn) is a non-degenerate subgraph 
of X„+i; 

• f^^{x) is a singleton for every x ^ Xn] 

• a;„ is a vertex of X„ ; 

• every vertex of Xn+i is a vertex of X„+i; moreover, every point of the 
boundary (in Xn+i) of X„_|_i is a vertex of both X„+i and X„+i; so an 
edge of Xn+i is also an edge of X„+i; 

• the /„-preimage of every vertex x ^ Xn of Xn is a vertex of X„+i; so the 
/„-image of any edge in X„+i which is not an edge of Xn+i is a free arc 
contained in an edge of X„. 

Let 7r„ : X — > X„ (n G N) be the natural projections; put a„ — -Knio), bn — 7r„(6). 
We may assume that a„, 6„ are vertices of X„ and, if a ^ 6, ai 7^ 61 (otherwise we 
remove finitely many of the first X„'s). Then a„ ^ 6„ for every n provided a ^ b. 
Let di be a convex metric on Xi obtained using Lemma [l^] such that 

(5.7) n\^{X,) = l-q 
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and let gi : Ii ^ Xi be a fully-admissible map for (Xi , di ) from ai to 61 . Assmne 
that n > 2 and that for every l<TO<n— Iwe have defined a metric dm on Xm, 
maps gm '■ Im ~^ Xm and, provided m > 2, a map Qm-i '■ Im -^ Im-i- Put 

(5.8) /i„-i = mm{'Hli^^_^{E) : £■ is an edge of X„_i}. 
Let d„ be a convex metric on X„ obtained from Lemma [T^] such that 

(5.9) Hijx„)<i-g^ where p = #g-^^(£„_i). 

Denote by dn the only convex metric on Xn such that for every edge E of Xn and 
every two points x,y Cz E the following holds: 

(5.10) d„(x,y) = |^~"(^'^) ifi?cl„; 

[rfn-i(/n-i(a;),/„_i(y)) otherwise. 

Let si < S2 < ■ ■ ■ < Sp he the points of /„_! mapped by gn-i to a;„_i. Write 
/„_i as the union Jq U J{ U • • • U J^ of non-overlapping compact subintervals such 
that Jq < si < J[ < S2 ■ ■ ■ < Sp < Jp (here Jq, J' can be degenerate). For every 
i = l,...,p let Kl be an interval and Ki : K[ — >■ (X„,(i„) be a fully-admissible 
map (see Lemma [TT|) : the images of end points of K[ will be fixed later. Now let 
/„ = [0,a„] be a compact interval of length a„ = |-^n-i| + X^iLil^il ^^"^ define 
g-n '■ In ^ Xn by "concatenating" the maps 

5n-l|.7^i «1; 5n-l|j;i ^2, ■ • ■ , Kp, gr„_i|j^. 

Le. we write /„ as the union of non-overlapping compact intervals 

(5.11) In = Ja^Ki\JJi\JK2---yJKp\JJp 

such that Jq < Ki < ■ ■ ■ < Kp < Jp and \Ji\ = \J[\, \Kj\ ~ \K'^\ for every i, j; then 
we define g„ such that 

(5.12) 9n\.j, ~ 9n-i\j[ and gn\Kj ~ Hj for every z,j. 

(Here we write f ~ g for maps /, g defined on real intervals J, K if there is a 
constant sq such that J = K + sa and /(s -f sq) = g{s) for every s G iiT.) By an 
"appropriate" specification of Ki-images of the end points of K[ we obtain that gn 
is continuous and that (?n(0) — a„, gn{oin) — bn- Notice that 

gn '■ In — > (Xn, dn) is a natural parametrization of some 
(not necessarily admissible) path in Xn from a„ to 6„. 

Let p„_i : /„ — > ^n-i be the piecewise linear continuous surjection with slopes 
and 1 which collapses every Ki into a point. For 1 < A: < n denote the composition 
Qk°gk+i°- ■ -ofti-i by gn,k ■ In -^ h] for convenience put e„,„ = id/„. Analogously 
define fn,k ■ Xn — > Xk ioi 1 < k < n. Notice that the following diagram commutes 
for every I < k < n: 



Xn ' ^ Xk 



(5.14) 



9. 



I 



9k 



J Bn.k j- 



LENGTH-EXPANDING LIPSCHITZ MAPS ON TOTALLY REGULAR CONTINUA 15 

After finishing the induction we obtain the metrics dn on Xn and the maps 
gn : In ^ Xn- As in 6^ define 

(5.f5) d{x,y) ^ sup dn{xn,yn) for X = (x„)„, y = (y„)„ e X. 

riGN 

(In Lemma [THl we will show that d is a convex metric on AT.) Define also 

loo = lim(/„,gn). 

The corresponding projection map from /qo onto /„ (n G N) will be denoted by tt^. 
It is easy to see that the map 

7] : loo ^ [0,a], (s„)„GN ^t= lim s„ = sups„, where a = lim a„, 

defines a homeomorphism of loo onto the interval [0,a], which is even isometry if 
we use the following metric d' on loo (see Lemma [T6|): 

(5.16) d'(s,i) = sup|s„ - t„| for s = (s„)„,t = (i„)„ G /oo- 

n 

Since the diagrams in (j5.14p commute, the surjective maps (?„ : /„ -^ Xn induce 
the continuous surjective map g = lim{(7„} : I^o -^ X between /oo = lini(/„,p„) 
and X — lim(Ar„, /„) such that the following diagram commutes 

X -^^^^ Xn 



(5.17) 



-^ In 



(see Theorem [6|); the map g is given by 

(5.18) 5(si,S2,S3...) = (5i(si),g2(s2),53(s3),---)- 
Finally define /i„ : X„ ^> M, /i : X ^> M by 

(5.19) hn{xn) — dn(xn,cin) for x„ £ ATn , h{x) — d{x,a) ior X ^ X. 

5.3. Properties of the metrics d„, d. Notice that (|5.9p and the fact that every 
Xn is non-degenerate immediately give 

(5.20) fin < q ■ fJ-n-1 for every n >2. 
Since Mi < 1 — 9 by (|5.7p we have 

(5.21) fin < 9""^ ■ (1 - 9) for every n&N. 

Lemma 13. The map d is a convex metric on X compatible with the topology of 
X. 

Proof. (See [5].) Let n > 2. From the definition (|5.10p of the metrics dn we have 
that for every x,y € Xn, x' = /„_i(x), y' = fn-i{y) 

(5.22) dn^iix',y') < dn{x,y) < dn-i{x' ,y') + q ■ fin-i 
and that, for every free arc A in Xn \ int(Ar„), 

(5.23) fn-iU ■■ A ^ fn-M) is a bijection and H^J^) = H;^_^(/„_i(A)). 
Combining (|5.22p and (|5.20p we obtain that ior m > n 

dmiXm,yni) < dn{Xn,yn) +?■ (^m-l H h Mn) < (i„(a;„,J/„) + M„, 



16 VLADIMIR SPITALSKY 

SO, since /x„ < g"^^//i < g"^^(l — q), 

(5.24) dn{xn,yn) <d{x,y) <dn{xn,yn) + q'' for every 71 G N, 2;, y G X. 

Hence d{x, y) is always finite. Since trivially d is symmetric, satisfies the triangle 
inequality and d{x, y) = if and only ii x = y, d defines a metric on X. 

To prove that the metric d is compatible with the topology of X it suffices to 
show that any sequence {x'^''^)k converges to x in {X,d) if and only if {TTnX^''^)k 
converges to 7r„a; in (X„. dn) for every n. The implication from the left to the right 
is trivial. Assume that lim^ dn{xn , Xn) = for every n, where Xn = 7r„a;"'^ and 
Xn — T^nX. By (|5.24p we have for every n 



\iinsupd{x^ '' ,x) < limsup d„(a;Jj ' ,Xn) +9" 

Since g < 1 we have that limsup^, d{x^''\ x) = 0. 

Now it suffices to show that d is convex. Let x — (a;„)„, y ~ (jjn)n G X- For 
every n the metric dn is convex so there is a point z„ e Xn such that 

Let z'") e X be such that 7r„(z("^) = z„. Compactness oi X gives that (2:("))„ has 
a subsequence (z'"''^)^ converging to a point z e X. Now (|5.24p gives 

dix, Z) < d{x, Z^"*")) + d{z^^'-\ Z) < dn, {Xn, , Z„ J + g"" + dCzf"*"), z) 

Using (|5.24p and taking the limit k -^ 00 and we obtain d{x,z) < i • d{x,y). 
Analogously, d{y,z) < i • d{x,y) and so d{x,z) — d{y,z) = i • d{x,y). Hence d is 
convex. D 

The inequalities (I5.24p immediately imply that for the diameters of a subset B 
of X and its projections _B„ = 7r„(i?) (n e N) it holds that 

(5.25) dniBn) < d{B) < dn{Bn) + q'\ 

In Lemma[T5]we show a relation between the Hausdorff one-dimensional measure of 
a subset of X and of its projections. To this end we need the following refinement 
of (|5.25p for the special case when i? is a subcontinuum of X. 

Lemma 14. Let Y be a subcontinuum of X and let n G N. Put Yn — 7r„(y) and 
for every integer k > n put ijk — fk,n{xk) S X„. Then 

d{Y) < dn{Yn) + q ■ Y. ^fe- 

k>n, Vk^Yn 

Proof. For m > n let N,n.n be the set of all integers k G {n, n + 1, . . . , m — 1} such 
that ijk £ Yn- By the definition (j5.15p of d it suffices to show that for every m > n 

(5.26) d,niY,n) < dn{Yn) +q- ^ /ifc. 

k£N^,„ 



*7n,n 



We prove this by induction through m — n. Assume first that ra — n = 1; then iV„ 
is cither the singleton {n} or an empty set according to whether y„ — in either 
belongs to Yn or not. In the latter case jjn = Xn ^Yn] since F„+i is a subgraph of 
X„+i, (|5.23p and convexness of d„+i give that dn+i{Yn+i) = dn{Yn)- In the former 



LENGTH-EXPANDING LIPSCHITZ MAPS ON TOTALLY REGULAR CONTINUA 17 

case (when x„ £ y„) we analogously have dn+i{Yn+i) < dniYn) + rf„+i(X„+i) < 
dn(Yn) + q ■ iin- Hencc (|5.26p is true for any m, n such that m ^ n = 1. 

Now assume that for some p > 1 (|5.26l) is true whenever m — n < p; let m, n be 
such that m — n = p + 1. By the induction hypothesis 

drn{Ym) < C?„+i (r„+i ) + g • ^ fij, 

dn+l{Yn+l) < dn{Yn)+q- ^ ^k- 

Now (|5.26p follows since Nm,n — Nm,n+i U ^n+i,n (indeed, for fc > n + 1 we have 
/fe,n+i(ife) e y„+i if and only if fk,n{xk) e y„). D 

Lemma 15. Let B C X be a closed set and let Bn = 7r„(i?) C Xn for every n eN. 
Then 

■H\{B) - supH^ (B„) = lim n]i (B„). 

Moreover, 'H^(X) < 1. 

Proof. First realize that for every closed (open) set S C X the set i?„ = 7Tn{B) is 
a closed (open) subset of X„, hence Borel measurable. Moreover, 

(5.27) UliiB) > nX^ [Bn] for every n 

since 7r„|B : {B,d) — >■ (-B„,(i„) is Lipschitz-1. We need to show that 

(5.28) Hj(S)<supH;ijB„). 

nGN 

We start with the case B = X. To this end take any 6 > and arbitrary n such 
that g" < (5/2. Write X„ as the union IJj^]^ 1"* of non-overlapping subgraphs Y"^ 
such that for every i the diameter (i„(y*) is less than S/2 and the boundary d{Y'^) 
does not contain any yk = fk,n{xk) [k > n). Then 'H\^{Xn) = '}2,i=i '^d„(^')- ^or 
1 < z < fc put Z' = 7r^^(y*); this is a subcontinuum of X since 7r„ is monotone. 
By dOSD, d{Z^) < dn{Y') + q'^ <5; since X = U^=i Z' we have 

k 

nlsW <Y,d{z^). 

i=l 

Since for every k > n there is just one i such that jjk G F*, Lemma [T^ gives 

k k I \ k oo 

^d(Z')<5] L„(r') + g. ^ ^^k\<Y.dAY') + q■Y,^Jik■ 

j=l i=l y 'i'>n, yk£Y^ j i=l /£=n 

Thus, using ([OT|) . 

<5(^)<Wd„(^«) + '?". 
Since this is true for every sufficiently large n we have H^ f,{,^') < sup„ Hj (^n)- 
So (I051) is proved for B = X (recall that U\{X) = lim^^o n\j,(X)). 

Now let i? be an arbitrary closed subset of X and let e > 0. Take n G N such that 
U\{X) < nljXn) + e. Put B„ = TT^(B) and C = X \ 7r-i(B„) = 7r-i(X„ \ B„). 
Then B n C = and H\{C) > n^i^Xn \ B„) by (I071) . So 

H^(i3) < Hi(X) - H;^(C) < «^ (X„) + e) - <^ (X„ \ i?„) = H;^„ (S„) + e. 

Thus ■H^(X) < sup„ n]i^ (Bn) + e. Since e > was arbitrary ([OS)) follows. 
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Finally, ^^(X) < 1 follows from Km . ([5T| and dSH). D 

The following lemma describes the basic properties of the inverse limit space 
{Ioo,d') = lim(/„, Qn) (recall the definition of d' in (|5.16p ). The fact that loo is an 
arc follows from general results. Indeed, loo is a locally connected continuum since 
J„'s are such and the bonding maps p„ are monotone (see Theorem [J]). Moreover, 
loo is hereditarily unicoherent since every /„ is such [T71 2.1.26]. So loo is a dendrite. 
Since Joo, being an arc-like continuum, does not contain a triod [T7l 2.1.41], it must 
be an arc. In our simple case, however, we can easily prove this fact "from scratch" . 

Lemma 16. Put a ~ sup„ q;„ = lim„ a„ (recall that a„ is the length of In = 
[0, an])- Then a < oo and the following hold: 

(a) d' is a metric on loo compatible with the topology; 

(b) for every s = (s„)„, s' = (sJJ„ £ loo we have 

d'{s,s') = lim \sn - s'^\ 

n~^oo 

(c) the projection maps tt'j : {Ioo,d') — ;■ /« (n G N) are Lipschitz-1; 

(d) the map 

T] : {Ioo,d') -> [0,a], s = (s„)„eN ^ t = lim s„ = sups„ 

is an isometry; 

(e) for every subcontinuum J of loo it holds that 

T^d'iJ) — iini \Jn\ = sup| J„|, where Jn — T^'niJ) for n G N. 

Proof. Since a„ < q;„_i + 2p • H^ (-^n) < Oin-i + q ■ Mn-i by (|5.9p . the finiteness 
of a follows immediately from ()5.20|) . The assertion (a) can be proved similarly as 
the fact that d is a compatible metric on X (see Lemma [0)1 . The assertion (b) 
follows from (|5.16p and the fact that every p„ : /„+i — > /„ is Lipschitz-1 (indeed, if 
< s' < s < a„+i then < Qn{s) — Qn{s') < s — s'). Since (c) is immediate from the 
definition (|5.16|) of d' and (e) follows from (d) (indeed, 'H\,{J) — \'q{J)\)^ we only 
need to show (d). First realize that every s — {sn)nefi £ ^oo is a non-decreasing 
sequence (in fact, every Qn is Lipschitz-1 and ^1(0) — 0) bounded from above by 
a, hence ri{s) is well defined. Continuity of rj is trivial. Since 77(0,0,...) = 
and 77(0;!, a2, . . . ) = a, 77 is surjective. It remains to show that 77 is an isometry. 
But this is trivial by (b): for any s = {sn)n,s' = (s'n)n G -^00 we have d'{s,s') = 
lim„|s„ — s'nl = |lim„ s„ — lim„ sJJ. The proof is finished. D 

5.4. Properties of the maps gn, hn- In what follows we prove that the lengths 
of g„-images and /i„ o <;„ images of any closed interval J C /„ are bounded from 
below by some constant multiple of the length of J, where the constant does not 
depend on n, J. Till the end of this subsection fix ri G N. 

Lemma 17. Let J C /„ be a compact interval and let Y — gn{J), L — hn{Y). If 
Y contains at most one vertex of Xn then 

Hl{Y)>y\J\ and |i| > 1 • T^J JF). 

Proof. By the assumption we can write J = J^^^U j'^-' and Y = y(o)uF^^'' such that 
j(o)^ j(i) g^j-g non-overlapping compact intervals and, for 7 = 0,1, Y^^^ — 5n(J^*^) 
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is a free arc and gn\j{i) '■ ^^'^ -^ Y^^'> is an isometry (see (|5.13p ). For i = 0,1 put 
L^i) = /i„(r(*)). Then the inequahties 

max|jW| < \J\ <2-max|j(^)| 

max-Hrfjy(')) < V-UY) < 2 ■ maxH^jF^'^) 
maxlL^I < \L\ 

together with Lemma [TOl and "H;^ (F^*^) = | J^^'^ | (i = 0, 1) give the assertions of the 
lemma. D 

Lemma 18. Let J C In be a compact interval and let Y = (]n{J), L = hn{Y). 
Assume that Y contains at least two vertices of Xn and that Y' = fn-i{Y) contains 
at most one vertex of Xn~i- Then 

'n\Sy)>\-\J\ c^nd |L|>i^.Hijy). 

Proof. Put Y' = fn-iiY). If y n Xn is empty or degenerate we can proceed as in 
the proof of the previous lemma, since under this assumption fn-i\Y : y — ;> F' is 
an isometry. So assume that Y n X„ is non-degenerate. Put J' = Qn-i{J)- Since 
Y' — fn-iiY) contains at most one vertex of Xn-i, it is either degenerate or can 
be written as the union of two free arcs. Using the fact that just one point (namely 
the point Xn~i) has non-degenerate /„_i-preimage, we have that J and Y can be 
written as the non-overlapping unions 

J=JoUJuJi and Y = Yo(JYUYi, 

where (for i = 0,1) 

• Jo ^ J ^ Ji are compact intervals (Jqj Ji can be degenerate); 

• 1^ is either a degenerate subset of Xn or a free arc in Xn \ int(X„); 

• 9n\ji '■ Ji ^-Yi is an isometry; 

• Y — gn{J) Q Xn is non-degenerate; 

• g„|j : J ^^ y is admissible. 

(Notice that it can happen that y's contain more than one vertex of Xn] however, 
every vertex contained in the interior of Yi has order 2, so gn "goes-through" it, see 
the definition of an admissible path.) 
For i = 0, 1 put Li = hn{Yi); we have 



n'AY) = \J^\ 


and 


\L^\>--n],iY,) 


emma [12| gives 






nl{Y)>^\j\ 


and 


\L\ > ^-^nlo 



Now the first inequality of Lemma [18] follows since 

n'ajY) > nl{Y)+me.xHl{Yi) > n^jY) + i • (nliY,) + H^^JY^)) . 

To show the second inequality it suffices to use (|5.5I) and the fact that either one 
of Jo, Ji is degenerate or y = Xn and, in the latter case, \L\ > i^ • "H^ (Y) by 
Lemma [T^l □ 
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Lemma 19. Let J„ C !„ be a compact interval and let Yn ~ gn{Jn), Ln — hn{Yn)- 
For 1 < 771 < 71 put 

'Jm — Qn,m\'Jn) J J^ni — Jn^niy^n ) — !Jni\^ni) ana Jjn — lim\J-m)- 

Let 777 he such that Ym contains at least two vertices of X,„ . Then 

\Jm\ < I Jul < Y^ • \Jml HlijY„,) < H',jYn) < j^ ■ nljY„,) 



an,' 



d 



^ ^'^ |L,„|<|L„| 



1-q 

Proof. Ifm — n there is nothing to prove; hence we may assume that tti < ri— 1. The 
first and the third inequahties are immediate consequences of the fact that gn^m a-nd 
/„.,„ are Lipschitz-1. By the definition of g„ we have that | J„| = | J„_i| +^^^i\J ^ 
Ki\, where the intervals Ki, . . . , Kp are such that every restriction gnlxi '■ Ki — )■ X„ 
is a fully-admissible map, see (|5.1ip and (|5.12p . The simple estimate | J„ n i^Tij < 
\Ki\ < 2-'H\^{Xn) together with dSSJ gives that |J„| < | J„-i| + g-/i„-i. By ([QS]) 
we have that 'H\^_^{Yn-i) = n^^A^n \ int(X„)); so, again by dSH), H^Ji;) < 
^d _ (^i-i) + 9 ■ /^n-1- Repeating the previous arguments with 77 replaced by 

77-l,77-2,...,777 + l givcs that I J„| < \Jm\ + q ■ (Mu-i + Mri-2 H h A^m) and 

V-li^iYn) < Tili^^iYm) + q ■ (Mn-i + Mn-2 + - ' • + Mm)- Now the secoud and the fourth 
inequality immediately follows from ()5.20p and the fact that /!„ < H^ {Ym) < \Jm\ 
since Ym contains an edge of X^- 

It remains to show the fifth inequality. Let x',y' E Yn-i be such that |in-i| = 
dn-i{an-i ,x') - d„_i(a„_i,y'). Take any a; € F„ n fn\ix')i y ^ Y^ Ci f^liiy'). 
Then, by (E311), 

|L„| > d„(a„,x) -d„(a„,7/) > d„_i(a„_.i, a;') - (d„_i(a„_i, 7/') +q- ^„_i) 

so \Ln\ > \Ln-i\ — q ■ /in-1- Continue in this fashion to obtain 

\Ln\ > \L,n\ - q ■ {^J.n-l + Mn-2 H h ^J■m) > \Lm\ - -— ■ /im . 

Since Ym contains an edge E of Xm, Lemma [TUl gives that \Lm\ > \hm(E)\ > 
{l/2)-U\jE),i.e. \Lm\>{l/2)-tim- So 

\Ln\ > \Lm\ ~ :; • \Lm\ = -; • i7„i . 

1-q 1-q 

D 

Combining Lemmas [TTHIQI gives the following estimates. 

Lemma 20. The map gn '■ In ^^ {Xmdn) is a Lipschitz-1 surjection. Moreover, 
for every compact interval J C /„ and for Y — gn{J), L — hn{Y) it holds that 

nliY)>^-\J\ and \L\>^^-nliY). 

Proof. The fact that gn is a Lipschitz-1 surjection is an immediate consequence of 
(j5.13p . To prove the second part of the assertion take any non-degenerate compact 
interval J C /„ and put Y = gn{J), L = hn{Y). If Y contains at most one vertex of 
Xn we can use Lemma [171 So assume that Y contains at least two vertices of X„. 
As in Lemmaim for every 1 < m < n put Jm = Qn,miJ), Ym = fn,miYn) = gmiJ) 
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and Jm ~ hm{Y). Let ?Ti > 1 be the smallest integer such that Ym contams at least 
two vertices of Xm • Using Lemma [T2l f if m = 1) or Lemma ITSl (if m > 2) we obtain 
that n^^iY^) > i • |J™| and \L„,\ > ^ -U^^iY^). Now Lemma [H gives 

and 

\L\ . ,-, „ . |im| . .-, , 1-a 



The desired inequalities follow. D 

5.5. Properties of the maps g, h. Recall that g : I^ -^ X is given by 

g(si,S2,...) = (51 (si), 52(^2), ••■)• 

Lemma 21. The map g : (/oo,d') -^ {X,d) is a Lipschitz-l surjection. 

Proof. By the definitions of d, d! and the fact that the maps gn are Lipschitz-l we 
have that for every s = (s„)„, t = (t„)„ e /oo 

d{g[s),g{t)) = supd„(5„(s„),3n(<n)) < sup|s„ - t„| = d'{s,t). 

n n 

So (7 is Lipschitz-l. The surjectivity of g follows from the surjectivity of the maps 
gn by Theorem m D 

Lemma 22. Let J be a subcontinuum of loo and let Y — g{J), L — h(Y). Then 

n\{Y)>^-^-H\,{J) and \L\>^^ -n'^Y). 

Proof. For every n put J„ = 7r^(J), Y^ — 7r„(y) and L„ — h^iYn). By Lemmas 1151 
and 1161 we have 

nl,{J) = lim |J„| and n]t{Y) = lim H;^ (r„). 

So the first inequality immediately follows from Lemma 1201 If we prove that 
(5.29) \L\ ^ lim |L„ 



71— >00 



then we analogously obtain the second inequality. (In fact, just an inequality in 
(|5.29p is sufficient.) But (|5.29p is an immediate consequence of the definitions of h 
and d. Indeed, 

|L| = sup d{a,y) -d{a,y'), \Ln\= sup rf„(a„, 7r„(y)) - d„(a„,7r„(2;')), 

y,y'i^Y y,y'eY 

so (|5.24p immediately gives (15.291) . D 

5.6. Summarization. Here we prove Lemma [24l which is the main result of 
Section [5l We start with some simple observations concerning cut points. 

Lemma 23. Let X = lim(X„,/„) be the monotone inverse limit of continua and 
let 7r„ : X — !• X„ (n G N) be the natural projections. Take any two points x,y (z X 
and put Xn — 7r„(a;), ?/„ — 7r„(y) (n CzN). Then 

(a) 7r„ Cutx{x,y) C Cutx„ix„,y„) for every n e N; 

(b) if Cut x{x,y) is uncountable then Cutj(:^(a;„,2/„) is uncountable for every 
sufficiently large n; 

(c) if Cut x{x,y) is countable and X is rational then every Cutx„{xn,yn) is 
countable. 
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Proof. Put C = Cutxix,y) and C„ ~ Cutx„{xn,yji) for n e N. 

(a) If 2 G X is such that z„ = 7r„2 C„ then there is a connected subset Z?n 
of Xn \ {zn} containing both a;„,2/„. Then D — TT^^{Dn) is a connected subset of 
X \ {z} containing both x, y, hence z ^ C. 

(b) Assume that C is uncountable. For every z ^ z' from X there is nz,z' G N 
such that 7r„z 7^ 7r„z' for every n > Uz^z'- Since C is uncountable there is no such 
that Uz^z' = "-0 for uncountably many pairs of distinct points z, z' from C Hence, 
by (a), Cn ^ 7r„C is uncountable for every n > hq. 

(c) If Cn is uncountable for some n then D = 7r~^(Cn) has uncountably many 
components and every component of D separates x, y. Since X is rational, only 
countably many components of D are non-degenerate (see [TBI Theorem 51. IV. 5]) 
and so uncountably many components of D are singletons. Thus uncountably many 
points of D separate x, y, i.e. C is uncountable. D 

Lemma 24. There are constants < 7 < F such that for any 6 > the following 
hold: For any non- degenerate totally regular continuum X and any two points a, b 
of X there are a compatible convex metric d on X and maps g : [0, a] — > X , 
h : X -^ [0, l3] with the following properties: 

(a) g{0) — a, g{a) = b and h{a) — 0; 

(b) g, h are Lipschitz-l surjections; 

(c) 7 • I J| < T-i\{g{J)) < F • |ft. o g{J)\ for every closed subinterval J of [0, a]: 

(d) n^aiX) €[1-S, 1], n\{X) < a < 2 • n\{X) and (1/2 - 5) ■ n]i(x) <I3< 
KiX). 

Moreover, if Cut{a,b) is uncountable then a metric d and maps g,h can be chosen 
such that also: 

(e) h{b) = /3; 

(f) dia,b)>il-S)-nl{X). 

Proof Let < 7 < i, F > 24 and < 6 < ^. Take < g < 1 such that 

1 - 9 1 - 4g 2 

> 7, > - and 2q < 6. 

2 - ' 12 - F ^ 

For a non-degenerate totally regular continuum X and a,b (z X construct a compat- 
ible convex metric d on X and maps g : [0,a] -^ X,h : X ^ [0, /3] as in Section [221 
particularly, h{x) — d{a,x) for x (z X and /3 — max^^x d{a,x). By Lemma 12 1[ g 
is a Lipschitz-l surjection; since h is such trivially, we have (b). The property (a) 
is also immediate: h{a) = d{a^a) = and gn{0) = «n, gn{otn) = bn for every n by 
(|5.13p . so 5(0) = a and g{a) = b. The property (c) follows from Lemma [22l and the 
choice of q. 

To finish the proof of the first part we have to show (d) . The inequalities l — 5< 
T~L]i{X) ^ 1 follow from (|5.7p and Lemma [TSl Since g,h are Lipschitz-l surjections 
we immediately have /3 < ^{^{X) < a. Lemma |12I applied to J = [0, a„], k — gn 
and a — an gives that 

a„ < 2 • -HlS^n) and |/i„(X„)| > i^ • H;^JX„). 
Thus, by Lemmas [TBI and [T5l 

a = lim a„ < 2 • lim H\ (X„) = 2 • H\{X) 



^T— ■^^i(^i)- 
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and 

/? = lim |/i„(X„)| > 1-i . lim n\SX.n) = ^ • Hi(X) >{\-5)- H\{X). 

Now assume that a, b are such that the set Cut(a, b) of points which separate 
them is uncountable (hence a j^ b). By Lemma [23] for every sufBciently large n the 
set Cutx„(an,&n) of points in Xn separating a„,6„ is uncountable; without loss 
of generality we may assume that Cutjs:j(ai, 61) is uncountable. Hence there is a 
free arc A in Xi such that Xi \ mt{A) has exactly two components, one of which 
contains ai and the other one contains 5i . We may assume (adding two vertices of 
order 2 if necessary) that A is an edge of Xi . We modify the construction of the 
metric di on Xi such that the longest edge is E^ = A (see the proof of Lemma [T^ . 
Then 

di{a,,bi)>Hl{A)>{l-q)-Hi{X,). 
Lemma [m and dOSD, dSH), ^M give 

nUX)= lunH^jX^)^ lim \hI{X,) + HI{X2) + ■ ■ ■ +HiS^n) 

1 
So, by dEm, 

d(a, &) > di(ai, 61) > (1 - qf ■ HUX) > (1 - 2g) • 7^i(X) 

and (f) is satisfied. 

To obtain also (e) we must replace h by 

{s ii s < B- 

2(3 — s ii (3 < s < (3. 

Notice that /3 = d{a,b) > (l - 6) ■ H]i{X) > {I ~ 5) ■ d{X) > i/3, so A(s) e [0,^] 
for every s S [0,(3]. Notice also that (3 > (^ — 6) ■ H^iX); thus to prove that the 
triple d, g, h satisfies (a)-(f) we only need to show that 'H]i{g[J)) <T -[ho g{J)\ for 
every closed subinterval J of [0, a], since the other properties are satisfied trivially. 
To this end fix a closed subinterval J C [0,a] and put Y = g{J). Using 

1^1(^)1 > max{|;i(y) n [o,^]|, \h{Y) n [p,(3]\} 

and Lemma [22] we immediately have 

r • \h{Y)\ > ^ ■ \hiY)\ > j^ ■ \h{Y)\ > n'.iY). 

Hence the proof is finished. D 

6. Length- EXPANDING Lipschitz maps from/to the interval 

The following proposition provides the key tool for constructing LEL maps. 
Basically it is just a reformulation of Lemma [24l 

Proposition 25. There are constants < 7 < F and L > 1 such that the following 
hold: For every non- degenerate totally regular continuum X and every two points 
a,b £ X there are a compatible convex metric d on X and maps (p : I ^ X , 
tp : X ^^ I with the following properties: 

(a) (y9(0) = a, (y9(l) = 6 and ip{a) — 0; 
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(b) Lp, ip are Lipschitz-L surjections; 

(c) 7 • I J| < Hj((y9(J)) <T ■ \xp o (p{J)\ for every closed subinterval J of I; 

(d) n\{x) - 1. 

Moreover, if Cut(a, b) is uncountable then for any S > a metric d and maps if, ip 
can be chosen such that it also holds: 

(e) VW = 1; 

(f) d{a,b) >l-(5. 

Proof. Take any L > 2 and let < 7 < F be constants from Lemma [Ml Fix a 
non-degenerate totally regular continuum X, a pair a,b £ X and a positive real 
(5; we may assume that 2/(1 — 26) < L. We give the proof only in the case when 
Cut(a, b) is uncountable; the other case can be described analogously. 

Let d be a convex metric on X and g : [0,a] ^ X, h : X —^ [0, /S] he maps 
satisfying (a)-(f) from Lemma [24l Now define d : X x X -^ M., ip : I ^ X and 
ip:X-^Ihy 

d{x, y) = - • d{x, y), ip{t) = g{at) and ip{x) = - • h{x), 

c P 

where c = TLjiX). Then (a) and (d)-(f) are immediately satisfied. Since 

a c 2 

LiPd(¥') = - • Lipj(5) < 2 < L and Liprf(V') = - • Lipj(/i) < j— ^ < ^' 

also (b) is fulfilled. The property (c) follows from 

^^MJ))>^-|^I and T-\^o^{J)\>^.nl{ipiJ)) 

and from a > c > /3. D 

Corollary 26. Every non-degenerate totally regular continuum X , endowed with 
a suitable convex metric d and a dense systems C of subcontinua of X , admits 
LEL-maps (p : (I,di,Ci) -^ {X,d,C) and ip : {X,d,C) -^ {I,di,Ci). 

Proof. Fix arbitrary a,b £ X; let d,ip,ip be as in Proposition [511 Put C — piCj); 
this is a dense system by Lemma [2l Let fk be the map from Lemma [71 where k > 3 
is such that g — ^k/2 > 1. Then the map (p = (p o f^ : I ~> X is {g, fcL)-LEL. 
Analogously, if /c' > 3 is such that g' = fc'/(2F) > 1 then tp — fk' o tp : X -!• I is 
{g',k'L)-hEL. a 

Notice that from the proofs of Lemma [^ and Proposition [2S1 we can see that to 
fulfill only the conditions (a)-(d) we can find d, ip, tp such that 

ipix) — c ■ d{a, x) for every x £ X, 

where c is a constant. One can also see that any constants 0<7<^,r>24 and 
L > 2 are suitable in Proposition[551 Derivation of the "best" values for 7, F and L 
is out of the scope of this paper. However, we can at least say that L and the ratio 
r/7 cannot be arbitrarily close to 1. In fact, if X is the 3-star then easy arguments 
show that we must have F/7 > 3. Further, ii X — {X, d) is a simple closed curve of 
length 1 then, for any ip : X ^f I from Proposition [25l we can write X as the union 
AiJB of two non-overlapping arcs such that ip{A) = tp(B) = I; so L > Lip{ip) > 2. 
The following example shows that in the second part of Proposition[25lone cannot 
replace the assumption Cut (a, 6) is uncountable by Cut (a, 5) is infinite. 
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Example 27. Take an integer p > 3, put a = (—1,0), b = (1,0), oq = (0,0), 
a/c = (1 — 2^*^,0), a-fc = — a/c (fc G N) and define a continuum Xp C M^ by 



Xp^lJGkU {a, b} 



where every Gk (k S Z) is a graph with exactly two vertices ak-i, cik, these vertices 
have order p (in Gk) and Gk H Gi is empty for I > k + 1 and is equal to {ak} for 
I — fc + 1; see Figure[2]for p = 3. In this case a, b are end points of Xp (so Cut(a, b) 
is infinite), but neither (e) nor (f) can be fulfilled for small d. 




Figure 2. The continuum X3 

To show this realize that H^iXp) > p ■ d{a,b) for any convex metric d on Xp-, 
indeed, Xp is the union of p arcs with ends a, b (so the length of any of them is 
greater than or equal to d{a, b)) and with countable intersections. So immediately 
(f) is not true for S < 1 — -. Moreover, since ip is Lipschitz-L and tlj{a) = we 
have that 

p p 



^{b) = ip{b) - V'(a) < L ■ d{a, b)<L 



which is smaller than 1 for p > L. So also (e) is not true. Notice that any metric d 
satisfying (a)-(d) must be such that the diameter of Xp is approximately p-times 
larger than the distance of a, b; so for some k the shortest edge of Gk must be "very 
small" when compared to the longest one. 

Remark 28. If we replace the metric d from Proposition 1251 bv d' — c ■ d (where 
c > is a constant), the Lipschitz constants of </?, V' change to Lip^,(</j) — c-Lip^((p), 
'Lvpd'i.i') = (1/c) • LiP(i(V')- So instead of the conditions (d) and (f) we can have 

(d') H\{X)<1/{1^5)- 

(f) d(a,6) = l. 



7. Proofs of the main results 

Now we are ready to prove the main results of the paper stated in the introduc- 
tion. For convenience we repeat the statements of them. 

Theorem [Cl For every non-degenerate totally regular continuum X and every 
a,b G X we can find a convex metric d = dx,a,b on X and Lipschitz surjections 
fx,a,b '■ I -^ X , i]Jx,a,b '■ X ^ I with the following properties: 

(a) nl,{X) - 1; 

(b) the system C = Cx,a,b — {^x.a.biJ) '■ J is a closed subinterval of 1} is a 
dense system of subcontinua of X; 
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(c) for every g > 1 there are a constant Lg (depending only on g) and {g,Lg)- 
LEL maps 

ip: {I,dj,Ci) -^ {X,d,C) and i; : {X,d,C) ^ {I ,di,Ci) 

with 93(0) — a, </?(!) = b , ^{a) — and such that ip — (px,a,b ° fk, "0 — 
fi o 'ipx,a,b for some kj >3. 
Moreover, if Cut x [a, b) is uncountable, d,ip,tp can be assumed to satisfy 

(d) d{a,b) > 1/2 and V'(fo) = 1- 

Proof. Let 7, F and L be constants from Proposition[25] Let X be a non-degenerate 
totally regular continuum and a,b be two points of X. Put S == 1/2 and fix a 
metric d = dx,a,b on X and maps ipx,a,b : I ^- X , ^/jx,a,b ; X — > / satisfying 
(a)-(d) (or (a)-(f) if Cut x{a,b) is uncountable) from Proposition [23 Recall that 
H-^iX) — 1 and, provided Cutx(a, 6) is uncountable, d{a,b) > 1/2. By LemmaJH 
Cx,a,b = Px,a,b{Ci) IS a deuse system of subcontinua of X. 

Let fc, / > 3 be the smallest odd integers such that 'yk/2 > g and l/{2r) > g. 
Put Lg = 2Lg ■ (1 + niax{r, I/7}) > 1. As in the proof of Corollarv [26l the maps 
<(5 = (px,a,b o fk : I ^ X and ijj ^ fi o ijjx,a,b : X ^ I are {g,Lg)-lML. Since k,l 
are odd we have ip{Q) = <px,a,b(0) = a, (p(l) = ¥'x,a,b(l) = b, ip{a) = ■>px,a,bia) = 
and, provided Cutx{a,b) is uncountable, ')p{b) = i->x,a,b{b) = 1- D 

Theorem |Dj Keeping the notation from Theorem\^ for every g> ^, every non- 
degenerate totally regular continua X,X' and every points a,b d X, a' ,b' G X' 
there are a constant Lg (depending only on g) and {g,Lg)-LEL map 

f ■ {X,dx,a,b,Cx,a,b) -^ {X , dx' ,a' ,b' ,Cx' ,a' ,b') 

with f{a) = a' and, provided Cutx{a,b) is uncountable, f{b) — b' . Moreover, f can 
be chosen to be the composition ipoip of two LEL-maps ip : X -^ I and ip : I -^ X' . 

Proof. The theorem follows from Theorem [C] and Lemma [9l D 

Corollary [EJ Every non- degenerate totally regular continuum admits an exactly 
Devaney chaotic map with finite positive entropy and specification. 

Proof. This immediately follows from Theorem ID] and Proposition [BJ D 

Corollary |F1 Every finite union of non-degenerate totally regular continua admits 
a Devaney chaotic map with finite positive entropy. 

Proof. Let X — |Ji=i^i: where XiS are non-degenerate totally regular continua. 
Fix g > 1, Qi (^ Xi {i = I,.. .,k) and put di = dx,,ai,ai, Ci = Cxi,ai,ai- Let 
fi : Xi —^ Xi+i {i — 1, . . . ,k — l) and fk '■ Xk — > Xi be LEL maps from Theorem ID] 
Finally, let d be the metric on X such that d{x,y) = di{x,y) for any x,y & Xi 
{i = 1, . . . , fc) and d{x, y) = 2 for x G Xi, y 6 Xj [i ^ j). Since di{Xi) < 1, the 
metric d is compatible with the topology of X . 

Define / : X — > X by f\xi = fi for i — 1, . . . , fc. For every i the restriction f''\xi ■ 
Xi — >■ Xi is LEL, hence it is exactly Devaney chaotic with positive finite entropy 
and specification by Proposition JBj Since / permutes Xi, . . . ,Xk, the assertion 
follows. D 

Acknowledgment. The author wishes to express his thanks to Lubomir Snoha for 
his help with the preparation of the paper. The author was supported by the Slovak 



LENGTH-EXPANDING LIPSCHITZ MAPS ON TOTALLY REGULAR CONTINUA 27 

Research and Development Agency under the contract No. APVV-0134-10 and by 
the Slovak Grant Agency under the grants VEGA 1/0855/08 and VEGA 1/0978/11. 



[1 

[2; 
[3; 

[4; 

[s; 

[6; 
[7; 
[s; 

[9 

[lo; 
[11 

[12; 
[is; 

[14 

[is; 
[16; 

[17; 
[is; 

[19 

[2o; 

[21 



References 

S. Agronsky and J. G. Ceder, Each Peano subspace of E^ is an uj-lirait set, Real Anal. 

Exchange 17 (1991/92), no. 1, 371-378. 

L. Alseda, S. Kolyada, J. Llibre and E. Snoha, Entropy and periodic points for transitive 

maps, Trans. Amer. Math. Soc. 351 (1999), no. 4, 1551-1573. 

L. Alseda, M. A. del Rio and J. A. Rodriguez, A splitting theorem for transitive maps, J. 

Math. Anal. Appl. 232 (1999), no. 2, 359-375. 

R. H. Bing, Partitioning a set. Bull. Amer. Math. Soc. 55 (1949), 1101-1110. 

A. M. Blokh, Decomposition of dynamical systems on an interval, Russ. Math. Surv. 

38 (1983), 133-134. 

R. D. Buskirk, J. Nikiel and E. D. Tynichatyn, Totally regular curves as inverse limits, 

Houston J. Math. 18 (1992), no. 3, 319-327. 

M. Denker, C. Grillenberger and K. Sigmund, Ergodic theory on compact spaces, Springer- 

Verlag, Berlin, 1976. 

S. Eilenberg, On continua of finite length, Ann. Soc. Pol. Math. 17 (1938), 253-254. 

S. Eilenberg, Continua of finite linear measure II, Amer. J. Math. 66 (1944), 425-427. 

S. Eilenberg and O. G. Harrold, Continua of finite linear measure I, Amer. J. Math. 65 (1943), 

137-146. 

R. Engelking, Dimension theory, North-Holland and PWN — Polish Scientific Publishers, 

Warsaw, 1978. 

K. J. Falconer, The geometry of fractal sets, Cambridge University Press, Cambridge, 1986. 

D. H. Kremlin, Spaces of finite length, Proc. London Math. Soc. (3) 64 (1992), 449-486. 

D. H. Frenilin, Embedding spaces of finite length in R"', J. London Math. Soc. (2) 49 (1994), 

150-162. 

O. G. Harrold, The construction of a certain metric, Duke Math. J. 11 (1944), 23-34. 

K. Kuratowski, Topology, vol. 2, Academic Press and PWN, Warszawa, 1968. 

S. Macias, Topics on continua. Chapman & Hall/CRC, Boca Raton, PL, 2005. 

P. Mattila, Geometry of sets and measures in Euclidean spaces. Fractals and rectifiability, 

Cambridge University Press, Cambridge, 1995. 

S. B. Nadler, Continuum theory. An introduction. Monographs and Textbooks in Pure and 

Applied Mathematics, 158, Marcel Dekker, Inc., New York, 1992. 

J. Nikiel, Locally connected curves viewed as inverse limits. Fund. Math. 133 (1989), no. 2, 

125-134. 

G. T. Whyburn, Concerning continua of finite degree and local separating points, Amer. J. 

Math. 57 (1935), no. 1, 11-16. 



Department of Mathematics, Faculty of Natural Sciences, Matej Bel University, 
Tajovskbho 40, 974 01 Banska Bystrica, Slovakia 
E-mail address: vladimir.spitalsky@umb.sk 



